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SPECIAL VALUES OF ZETA-FUNCTIONS OF SCHEMES - 3/31/17
Stephen Lichtenbaum
§0 Introduction.
Let X be a scheme of finite type over Spec Z, and Krull dimension d. Let x denote a
closed point of X , and let N(x) be the order of the residue field κ(x). Recall that x is closed
if and only if κ(x) is finite. Let G be any meromorphic function on C, let r be a rational
integer, and let ar be the order of the zero of G(s) at s = r. Let G
∗(r) be the limit as s
approaches r of G(s)(s − r)−ar . If G is a zeta-function, G∗(r) is referred to as a special
value of G.
Definition 0.1. [Se1]: The zeta function ζ(X, s) of X is defined to be
∏
x(1−N(x)−s)−1
, where x runs over the closed points of X.
The product defining ζ(X, s) is well known to converge for Re(s) > d and is conjectured to
have a meromorphic continuation to the entire plane. We will tacitly assume this conjecture
in what follows.
The goal of this paper is to give two different, but presumably equivalent, conjectural
formulas for ζ∗(X, r) in terms of cohomology when X is regular, and projective and flat
over Spec Z.
We will also show that modulo some very believable conjectures, our first formula is
compatible with Serre’s conjectural functional equation ([Se2]) if X is smooth over Z. These
conjectures are interesting in their own right , and we list them here:
Conjecture 1.1.3. The e´tale motivic cohomology group H2r+1et (X,Z(r)) is finite, and is
dual to H
2(d−r)+1
et (X,Z(d− r)), up to 2-torsion.
.
Let X be projective and smooth over Spec Z.
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Conjecture 4.2.2a. Recall that the weight of the cohomology motive Hj(X,Z(r)) is given
by j − 2r. Let M be a pure motive of weight w(M). Let BM be the dimension of the Betti
(or de Rham) realization of M . Then the determinant of the period map from HB(M) to
HDR(M) is equal to (2πi)
−w(M)BM/2.
Conjecture 4.3.1. : The Euler characteristic χ(H∗B(XC,Z)tor) is equal to the Euler char-
acteristic χ(H∗DR(X/Z))tor) if X is projective and smooth over Z.
Of course, we also need the conjectures that the relevant e´tale motivic cohomology groups
are finitely generated, and that the zeta function extends to a meromorphic function satis-
fying the functional equation.
Both these formulas will involve the Weil-e´tale motivic cohomology groups of X . These
will be defined directly in the cases that interest us, but they will not be defined as the
cohomology groups of sheaves on a site. Our approach is related to that of Morin in [M],
who mainly considers the case r = 0. We will relate these formulas to Soule´’s conjectured
formula for ar ([So], Conj. 2.2), and to the work of Fontaine, Perrin-Riou, Bloch and Kato
on similar questions.
These formulas are closely related to conjectured formulas which Fontaine ([Fo]) refers
to as Deligne-Beilinson and Bloch-Kato, and in fact (at least for schemes smooth over Z)
implies Fontaine’s Deligne-Beilinson conjecture, which gives the special value up to a rational
number. (As the reader will see, this should be taken with the usual grain of salt, since in the
course of this paper, we will be assuming many things which everyone believes and no one
can prove). (We note that Fontaine begins [Fo] by discussing Ext groups of mixed motives.
Fontaine later conjectures that in addition these Ext-groups and the maps between them
can be described in terms of algebraic K-theory and Beilinson regulators. When we refer
to Fontaine’s conjectures, we mean these enhanced ones). What we refer to as “Fontaine’s
conjectures” are taken from Fontaine’s Bourbaki talk [Fo],, but are based on his work with
Perrin-Riou [FP]. Whenever we refer to Fontaine the reader should keep in mind that we
are really talking about the joint work of Fontaine and Perrin-Riou. The main differences
are:
a) Fontaine works with the Hasse-Weil zeta-function, which only depends on the generic
fiber of X , whereas the scheme zeta function depends also on the nature of the degenerate
fibers.
b) Fontaine relies on a detailed local analysis, using ℓ−adic and crystalline cohomology,
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whereas our conjecture is entirely global.
c) Fontaine gives a conjecture for special values of the L-functions whose alternating
product is the Hasse-Weil zeta-function, whereas we only consider the scheme zeta-function.
In our situation, we do not believe it is possible to give formulas of this kind on the level
on the level of L-functions, unless the motive of X breaks up integrally as the sum of
cohomology motives.
Our second formula gives the special values in terms of generalized Euler characteristics,
(see Appendix A) which is exactly what happens in the geometric case, where one considers
projective non-singular varieties over finite fields, as in [Ge]. In [Ge], the cohomology groups
involved in the Euler characteristic are Weil-e´tale motivic cohomology groups, (cohomology
groups on the Weil-e´tale site) which are conjectured to be finitely generated, and cohomology
groups of sheaves of differentials, which are known to be finite. In our situation there is no
satisfactory definition of the Weil-e´tale site, but we conjecture the existence of such a site,
various sheaves on this site and maps between them. This formula involves many sheaves on
the hypothetical Weil-e´tale site, and so leaves something to be desired. However it has the
advantage of being natural and elegant. In any case, both formulas are entirely global, and
avoid any detailed local constructions. Presumably it is not hard to show (under enough
assumptions!) that the two formulas are equivalent, but we do not do that in this paper.
Now let X again just be regular, and projective and flat over Spec Z. The basic idea
behind both our conjectured formulas is to start with Fontaine’s “Deligne-Beilinson” conjec-
tures [Fo], which give the special values of to a rational number in terms of determinants of
maps of complex vector spaces with given rational structures. These complex vector spaces
come from Betti and de Rham cohomology, and from Weil-e´tale cohomology. We replace
the rational structures by integral structures, and take determinants with respect to these.
The Betti cohomology of course has a natural integral structure, and the Weil-e´tale groups
conjecturally do also. We define an integral structure on the de Rham groups by using
derived exterior powers.
We also introduce the orders of naturally occurring finite cohomology groups into the
picture. Finally we replace the period maps in Fontaine’s picture by “modified” period
maps, where we divide by a special value of the Gamma function.
Our first conjectured formula is:
Conjecture 3.1.1. :ζ∗(X, r) = χ(H∗W (X,Z(r))tor) χ(H
∗
B(X,Z(r))
+
tor)χ(H
∗(X, t(r))tor)
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multiplied by
∏2d−2
j=0 (det(C(M
j,r))(−1)
j ∏2d−2
j=0 (det(E(M
j,r))(−1)
j
, up to sign and powers
of 2.
(For explanation of the notation, see Section 3).
Now let r be a rational integer.. Our basic construction for the second formula in-
volves three complexes of sheaves on the (hypothetical) Weil-e´tale site corresponding to
X (Z(r),Z+B(r), and t(r)), whose cohomology groups are respectively. the Weil-e´tale mo-
tivic cohomology groups HjW (X,Z(r)) defined in §1 below, the singular cohomology group
HjB(XC,Z(r))
+, and the Zariski cohomology group Hj(X, t(r)) =
∐
b<rH
j−b
Zar(X, λ
bΩX/Z),
where λb denotes derived exterior power (See Appendix B). These notations are explained
more fully in §2 and §3 below.
We further conjecture that there exist maps of complexes on the Weil-e´tale site:
g : Z(r)→ Z+B(r) and h : t(r)[−3]→ Z(r) , whose composition is zero.
(These give respectively maps from higher Chow groups to singular cohomology and maps
dual to maps from higher Chow groups to de Rham cohomology.)
We combine them to form the double complex D(r) of Weil-e´tale sheaves on X :
0 −−−−→ t(r)[−3] −−−−→ 0
y
y
0 −−−−→ Z(r) −−−−→ Z+B(r)
We conjecture in addition that there are natural maps δj from HjW (X,D(r)) ⊗ C to
Hj+1W (X,D(r))⊗ C which combine to give an acyclic complex H∗W (X,D(r))⊗ C, and that
the cohomology groups HjW (X,D(r)) are finitely generated. This means that the Euler
characteristic χ(X,D(r)) is defined (See Appendix A).
Our second conjectured formula is:
Conjecture 4.3.1b. ζ∗(X, r) = χ(X,D(r)), up to sign and powers of 2.
The plan of this paper is as follows:
In Section 1, we define the various cohomology groups that we use. In Section 2, we
discuss the maps between these groups, and get information about the total complex D(r).
In Section 3, we state the first conjectural formula, and give examples. In Section 4, we state
the second conjectural formulas, and give examples. In Section 5, we give the proof of the
compatibility with the functional equation. In Section 6, we explain how Soule´’s conjecture
fits into our picture.
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As we move along we will explain how our definitions of groups and maps relate to those
of Fontaine and Perrin-Riou [FP].
The reader might wonder why we have chosen to put torsion subgroups of singular coho-
mology and de Rham cohomology groups into our formula, since as far as we know there is
no numerical evidence for this, these groups are zero for d ≤ 2, and if they occur in previous
conjectures it is well hidden. We have done this because in every standard example, if a
zeta-function formula involves a determinant of a map between two complex vector spaces
which are the complexification of natural finitely generated groups, the torsion subgroups of
these groups also enter into the formula. (See the conjecture of Birch and Swinnerton-Dyer
for example). In our situation it is well understood that we have to consider period maps
between singular and de Rham cohomology.
We would like to thank Spencer Bloch, Mattthias Flach, Thomas Geisser, and Baptiste
Morin for many helpful conversations.
§1. Fontaine’s DB (Deligne-Beilinson)-conjecture.
We begin by describing Fontaine’s DB-conjecture, with some minor modifications. This
conjecture describes the values of certain L-functions up to rational numbers, in terms of
generalized determinants of maps of real vector spaces with given Q-structures. We will in
fact tensor with C, which is harmless, but allows us to multiply by 2πi if necessary, If A is
an abelian group, let AQ (resp. AC) be A⊗Z Q (resp. A⊗Z C).
Let X be a regular scheme of pure dimension d, projective and flat over Spec Z, with
generic fiber X0. Fix an integer r and a non-negative integer j, and let M = M
j,r be the
motive Hj(X0,Z(r)). Recall that the weight w(M) of M is equal to j − 2r. Let Zr(X0) be
the group of codimension r cycles on X0 modulo homological equivalence, and let C
r(X0)
be the group of codimension r cycles modulo rational equivalence which are homologically
equivalent to zero. If Y is a scheme, let Ki(Y )
(r)
Q be the weight r piece of Ki(Y )Q. Let
K˜i(X)
(r)
Q be the image of Ki(X)
(r)
Q in Ki(X0)
(r)
Q . In [Fo], Fontaine defines Q-vector spaces
as follows: H0f (M) = Z
r(X0)Q if j = 2r, and zero otherwise, H
1
f (M) = K˜2r−j−1(X)
(r)
Q if
j 6= 2r − 1, and be Cr(X0)Q if j = 2r − 1..
LetM∗(1) = H2d−2−j(X0,Z(d−r)). (Remember that X0 has dimension d−1.) Fontaine
defines Hic(M) = Hom(H
2−i
f (M
∗(1)),Q for i = 1, 2.
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Let XC = X ×Z C. Complex conjugation c acts on C, so it acts on XC, and by transport
of structure on the Betti cohomology group HjB(XC,Z). We define a subgroup H
+
B (M) =
(HjB(XC,Z(r)))
+ to be the set of x in HjB(XC,Z) such that c(x) = x if r is even, and the
set of x in HjB(XC,Z) such that c(x) = −x if r is odd.
Let Ω = ΩX0/Q. Let H˜DR(M) =
∐
i<r,H
j−i(X0,Λ
iΩ), where as usual Λi demotes the
i-th exterior power of the locally free sheaf Ω.
Let αM be the period map from the singular cohomology HB(M)C to the de Rham
cohomologyHDR(M)C, and let α˜M be the map induced by αM fromHB(M)
+
C to H˜DR(M)C,
viewed via the Hodge decomposition as a quotient of HDR(M)C.
Fontaine considers the following two (conjecturally) exact sequences of complex vector
spaces, where the maps are induced by Beilinson regulators and height pairings:
A(M)
0→ H0f (M)C → Ker(α˜M )→ H1c (M)C → H1f (M)C → Coker(α˜M )→ H2c (M)C → 0
B(M) 0→ Ker(α˜M )→ (H+B (M))C → (H˜DR(M)C → Coker(α˜M )→ 0
In equation B(M) the map from (H+B (M))C to (H˜DRM)C is given by α˜M .
In order to define the determinants of these sequences, we need to give Q-bases of each
term. Every term except the kernel and cokernel terms has a natural Q-structure, and we
choose arbitrary Q-structures for the kernel and cokernel terms (but of course the same in
both sequences).
If we then multiply the determinant of the first sequence by the determinant of the second
sequence, the result is well defined in C∗/Q∗, independent of the choice of Q-structures for
the kernels and cokernels.
LetMℓ = H
j(X0,Qℓ(r)) be he ℓ-adic realization of the motiveM . If p is a rational prime
and ℓ is a prime different from p, let Pp(T ) = det(1− Fr−1p T |M Ipℓ ) ∈ Qℓ[T ] where Ip is the
inertia group at p and Frp is a Frobenius element.
It is conjectured, (and known if X has good reduction at p) that Pp(T ) lies in Q[T ] and
is independent of the choice of ℓ,
We then define the Hasse-Weil L-function LHW (M, s) to be
∏
p Pp(p
−s)−1 which we
assume (as usual) can be continued meromorphically to the entire plane.
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Fontaine’s Deligne-Beilinson conjecture then asserts that if r is an integer,
(1.1.1) L∗HW (M, r) = det(A(M))det(B(M))
up to a non-zero rational number.
We are going to make a conjecture modifying Fontaine’s DB-conjecture which focuses
on the model X and should be valid up to sign and powers of 2. (Our methods give no
information about the sign, but the power of 2 should be able to be described by looking at
the behavior of cohomology at real primes. See for example [FM])
We will replace the cycle groups on X0 by cycle groups on X , change all the groups Hf
and Hc to Weil-e´tale motivic cohomology groups, which are conjecturally finitely generated,
bring derived exterior powers into the de Rham cohomology, introduce a modified period
map, and put in the orders of torsion subgroups of all our cohomology groups.
We also, as mentioned in the introduction, will replace Fontaine’s Hasse Weil-L-functions
by the scheme zeta function, which will agree with the alternating product of the Hasse-Weil
zeta-functions when X is smooth.
§.2. The groups involved in the conjectures.
Throughout Section 2 let π be a projective, flat morphism from the connected regular
scheme X to Spec Z. Let d be the Krull dimension of X . Let X0 be the generic fiber of X .
§2.1 Weil-e´tale motivic cohomology..
We will first define Weil-e`tale motivic cohomology groups and then discuss their relation
to the groups defined by Fontaine and Perrin-Riou ([Fo] and [Fl]).
Let r be an integer, and j a non-negative integer. We would like to define a Weil-e´tale
site and sheaves Z(r) on this site whose cohomology groups HjW (X,Z(r)) would be Weil-
e´tale motivic cohomology, but unfortunately we do not know how to do this. Instead, for
j ≤ 2r we define HjW (X,Z(r)) to be the hypercohomology groups Hjet(X,Z(r)), where Z(r)
denotes Bloch’s higher Chow group complex sheafified for the e´tale topology ([Bl1].[Le]).
Sometimes these groups are referred to as e´tale motivic cohomology. For j ≥ 2r + 1, we
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define HjW (X,Z(r)) to be h
i(RHom(RΓet(X,Z(d− r)),Z[−2d− 1]), so we have the exact
sequence
(2.1.1)
0→ Ext1(H2d+2−jet (X,Z(d− r)),Z)→ HjW (X,Z(r))→ Hom(H2d+1−jet (X.Z(d− r)),Z)→ 0
If we had our hypothetical Weil-e´tale site, with section functor denoted by ΓW , this would
follow, up to 2-torsion, from a duality theorem which asserted that RΓW (X,Z(d− r)) was
isomorphic to RHom(RΓW (X,Z(r)),Z[−2d− 1]). The analogue of this theorem, assuming
the usual conjectures, is true for Weil-e´tale cohomology in the geometric case, as shown
in [Ge]). We note here that in [FM], Flach and Morin have constructed such a complex
of abelian groups, whhich satisfies this duality theorem assuming that standard finiteness
conjectures hold.
Conjecture 2.1.1. :The groups Hjet(X,Z(r)) are finitely generated for j ≤ 2r + 1, and
finite for j = 2r + 1.
This implies
Conjecture 2.1.2. The cohomology groups HjW (X,Z(r)) are finitely generated for all j.
The two finite groups H2r+1et (X,Z(r)) and H
2d−2r+1
W (X,Z(d − r))tor are dual to each
other.
Conjecture 2.1.3. The finite group H2r+1et (X,Z(r)) is dual to H
2(d−r)+1
et (X,Z(d− r)), up
to 2-torsion.
.
Conjecture 2.1.3 should be true in order for our main conjecture to be compatible with
the functional equation (See §5. below).
Note that our groups H2rW (X,Z(r)) are the e´tale codimension r cycle groups on X , which
agree with the usual cycle groups only after tensoring with Q and agree (also after tensoring
both with Q) with the usual cycle groups on X0 if X is smooth.
Our Weil-e´tale motivic cohomology groups roughly correspond (after tensoring with Q)
to Fontaine’s vector spaces Hif and H
i
c. For simplicity, assume that X is smooth over Spec
OF , where OF is the ring of integers on the number field F . Then the following relations
should hold:
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Fix an integer r. If j ≥ 0 let M = M j,r be the motive Hj(X0,Z(r)), If j < 0, let
M j,r = 0. We need to consider these motives for 0 ≤ j ≤ 2(d − 1). If X is a scheme, let
K
(a)
b (X) be the weight a piece of Kb(X). (This is only defined after tensoring with Q).
To connect Fontaine’s picture with ours, we need two more plausible conjectures:
Conjecture 2.1.4. The motivic cohomology group Hjet(X,Z(r)) is isomorphic to K
(r)
2r−j(X)
after tensoring with Q. (This was proved by Bloch [Bl1] in the case that X is of finite type
over a field, and it is also expected to be true for schemes of finite type over Z.) Note that
e´tale and Zariski motivic cohomology agree after tensoring with Q.
Conjecture 2.1.5. The map τ from Kn(X) to Kn(X0) has torsion kernel for n > 0 so
(Kn(X))⊗Q is isomorphic to τ(Kn(X))⊗Q. (In the geometric case, Parshin’s conjecture
says that Kn(X) is torsion for n > 0, so this is a kind of generalization to the arithmetic
situation).
Then the relation between Fontaine’s vector spaces Hif and H
i
c and our motivic cohomol-
ogy groups should be:
a) For j 6= 2r,H0f (M j,r) = 0.
b) For j ≥ 2r,H1f (M j,r) = 0. For j ≤ 2r − 2, H1f (M j,r) = Hj+1W (X,Z(r))Q.
c) There is an exact sequence
0→ H1f (M2r−1,r)→ H2rW (X,Z(r))Q → H0f (M2r,r)→ 0
d) For j 6= 2r − 2, H2c (M j,r) = 0.
e) For j ≤ 2r − 2, H1c (M j,r) = 0. For j ≥ 2r,H1c (M j,r) = Hj+2W (X,Z(r))Q.
f) There is an exact sequence
0→ H2c (M2r−2,r)→ H2r+1W (X,Z(r))Q → H1c (M2r−1,r)→ 0
We now explain what our groups look like in the case when d = 1, i.e. when X = Spec
OF , with OF being the ring of integers in the number field F .
Assume that F has r1 real places and r2 complex places. Let dF be the discriminant of
F . The following computations are up to finite 2-torsion groups. The relationship between
motivic cohomology and K-theory follows from [M].
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Example 2.1.6. :Let X = Spec OF and let r = 0. Recall that Z(0) = Z. Then:
H0W (X,Z) = Z
H1W (X,Z) = 0
H2W (X,Z) fits into an exact sequence
0→ Hom(Pic(OF ),Q/Z)→ H2W (X,Z)→ Hom(O∗F ,Z)→ 0
H3W (X,Z) = Hom(µF ,Q/Z)
Here Pic(OF ) is the class group of F , O
∗
F is the unit group of OF , and µF is the group
of roots of unity in F .
HjW (X,Z) = 0 for j 6= 0, 1, 2, 3
.
Example 2.1.7. : Let X = Spec OF and let r = 1. Recall that Z(1) = Gm[−1]. Then
H1W (X,Z(1)) = O
∗
F
H2W (X,Z(1)) = Pic(OF )
H3W (X,Z(1)) = Z
Hj(X,Z(1)) = 0 for j 6= 1, 2, 3
Example 2.1.8. : Let X = Spec OF and ler r > 1. Then
H1W (X,Z(r)) = H
1
et(X,Z(r)) = K2r−1(OF )
H2W (X,Z(r)) = H
2
et(X,Z(r)) = K2r−2(OF )
HjW (X,Z(r)) = 0 for j 6= 1, 2
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Example 2.1.9. : Let X = Spec OF and let r < 0. Then H
2
W (X,Z(r)) fits into an exact
sequence
0→ Hom(K−2r(OF ),Q/Z)→ H2W (X,Z(r))→ Hom(K1−2r(OF ),Z)→ 0
H3W (X,Z(r)) = Hom((K1−2r(OF ))tor,Q/Z)
HjW (X,Z(r)) = 0 for j 6= 2, 3
The skeptical reader should remember that we are only working up to 2-torsion.
The computations of Examples 2.1.8 and 2.1.9 follow from the spectral sequence relating
Zariski motivic cohomology to algebraic K-theory, the Beilinson-Lichtenbaum conjecture
which implies that in the range considered here, e´tale motivic cohomology is the same as
Zariski motivic cohomology, the Garland-Borel theorem ([Bo]) that K2m(OF ) is finite for
m > 0, and of course the definition of HiW .
S 2.2. Betti, Hodge and de Rham cohomology
We now define the Betti cohomology groups Hj(X,Z(r))+. We let HjB(X,Z(r)) be the
usual singular cohomology groups HjB(XC,Z). Denote by c complex conjugation acting on
HjB(XC,Z), and let H
j
B(X,Z(r))
+ be the set of x in HjB(XC,Z) such that c(x) = x if r is
even, and the set of x such that c(x) = −x if r is odd. (Note that the usual factor of (2πi)r
will appear when we consider period maps.)
Example 2.2.1. Let X = Spec OF . Let ar = r2 if r is even and ar = r1 + r2 if r is odd.
Let br = r1 + r2 if r is even and br = r2 if r is odd, so ar + br = r1 + 2r2 = [F : Q]. Then
H0B(XC,Z(r))
+ is isomorphic to Zbr . HjB(XC,Z(r))
+ is zero if j 6= 0.
We next consider Hodge cohomology. If V is a smooth complex variety, let ΩV = ΩV/C
be the sheaf of Kahler differentials on V . Let Λq denote q-th exterior power, and let
T (V, r) =
∐r−1
q=0 Λ
qΩV [−q]. We want to give a natural Z-structure to the cohomology groups
Hj(XC, T (XC, r)), Let λ
qΩX/Z denote the q-th derived exterior power of ΩX/Z. (See Ap-
pendix B). Let t(r) be the complex (in the derived category) of e´tale sheaves on X given
by
∐r−1
q=0 λ
qΩX/Z[−q].. It is immediate that the pullback of t(r) to XC is T (XC, r). If M
denotes the motive Hj(X,Z(r)), let H˜DR(M) = H˜
j
DR(X,Z(r)) =
∐
i<rH
j−i(X, λiΩX/Z) =
Hj(X, t(r)).
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Lemma 2.2.2. Let X be as in Example 2.1.6. Then λ0ΩX/Z = OF If i > 0, (λ
i)ΩX/Z =
ΩX/Z[i− 1].
Proof. This follows by induction on j from Lemma B.4 and the fact that there exists an
exact sequence 0→ DF → OF → ΩX/Z → 0, where DF is the different of F over Q.
Example 2.2.3. Let X be as in Example 2.1.6 Then HnW (X, t(r)) = 0 for all n if r ≤ 0.
If r = 1, H0W (X, t(1)) = OF , and if r > 1, the order of H
1
W (X, t(r)) is |dF |r−1.
Proof. This follows from Lemma 2.2.2 Recall that |dF | is the norm of DF and equal to
|ΩX/Z|
§3.1 The first version of our conjecture.
The formulas in [Fo] and [Fl] involve the four families of conjecturally finite-dimensional
Q=vector spaces we discussed in §1 called Hf , Hc, H+B and H˜DR. These formulas, up to
a rational number, are given by considering generalized determinants of maps between the
complexifications of these vector spaces. In [Fo], this type of result is referred to as the
”Deligne-Beilinson conjecture”. In order to get formulas valid up to signs and powers of
2, referred to as the ”Bloch-Kato conjecture” , a detailed local analysis is necessary, using
Fontaine’s B-rings.
Our point of view is to eliminate the detaiied local analysis by replacing rational vector
spaces with finitely generated abelian groups. Roughly speaking,this is a question of de-
scribing canonical integral structures on Fontaine’s vector spaces, and then modifying the
resulting formula by multiplying and dividing by the orders of finite abelian groups. We
will explain the relation in the next few paragraphs. As in §1, let X be a regular scheme of
Krull dimension d, projectve and flat over Spec Z. Then d− 1 is the relative dimension of
X over Spec OF , or over Spec Z. Let M be the “motive” H
j(X0,Z(r)).
Recall from §1. that Fontaine considers the following two (conjecturally) exact sequences
of complex vector spaces:
A(M)
0→ H0f (M)C → Ker(α˜M )→ H1c (M)C → H1f (M)C → Coker(α˜M )→ H2c (M)C → 0
B(M) 0→ Ker(α˜M )→ (H+B (M))C → (H˜DR(M)C → Coker(α˜M )→ 0
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In equation B(M) the map from (H+B (M))C to (H˜DRM)C is given by α˜M .
In order to get a formula that mskes sense integrally we need to do several things. 1)
We will replace the period map αM by our modified version γM , 2) We choose integral
structures for Fontaine’s Q-rational vector spaces. 3) We include the orders of some finite
groups. 4) We modify some of the spaces slightly to move from varieties over Q to schemes
over Z.
We begin by constructing a “modified period map”. Let V be a projective and smooth
variety over C. Let HjB(V,Z(r)) = H
j
B(V,Z). Recall that H
+
B (V,Z(r)) is the set of x in
HjB(V,Z) such that c(x) = x if r is even, and the set of x in H
j
B(V,Z) such that c(x) = −x
if r is odd. Let HjDR(V,C(r)) = H
j
DR(V,C).. Recall that the Hodge filtration F
′
q on
HjDR(V,C(r)) is related to the Hodge filtration Fq on H
j
DR(V,C) by F
′
q = Fq+r. Let αM be
the usual period map from HjB(V,Z)C to H
j
DR(V,C).
Let M = M j,r = Hj(V,Z(r)). We define a modified period map γM from HB(M)C
to HDR(M)C as follows: HDR(M)C has a decreasing Hodge filtration Fq(M). Let H
q =
Fq/Fq+1. Then HDR(M)C has the direct sum Hodge decomposition HDR(M)C =
∐
Hq.
We can decompose αM into the direct sum of the maps α
q(M) where αq is the map αM
followed by the projection onto Hq. Let Γ denote the usual gamma-function. Recall that
Γ∗ is defined in the first paragraph of this paper, and w(M) = j − 2r. Now let γq(M) =
((2πi)rΓ∗(−w(M)−q))−1αq(M), and let γM =
∐
q γ
q(M). Replace B(M) by a new sequence
E(M) whose groups are identical to those in B(M) but where the map from H+B (M)C to
t(M)C is given by γM instead of αM . Note that this does not change the kernel or cokernel,
so the sequence remains exact.
We now replace Fontaine’s sequence A(M) by a modified sequence C(M). We first describe
the changes in the groups, and then give the requisite integral structures. We replace the
cycle groups on the generic fiber by the cycle groups on X , so that H˜0f (M
2r,r) is now defined
to be H2ret (X,Z(r)) (the codimension r e´tale cycles on X), modulo homological equivalence.
Similarly, H˜1f (M
j,r) is defined to be Hj+1et (X,Z(r) for j < 2r− 1 (by Conjectures 2.1.5 and
2.1.6, our definition here should be the same as Fontaine’s if we tensor with Q) and to be
the subgroup of H2ret (X,Z(r)) consisiting of e´tale cycles homologically equivalent to zero,
if j = 2r − 1. The integral structure on H˜ic is the dual of the integral structure on the
appropriate H˜2−if .
So we have:
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C(M) 0→ H˜0f (M)C → Ker(γ˜M )→ H˜1c (M)C → H˜1f (M)C → Coker(γ˜M )→ H˜2c (M)C → 0
E(M) 0→ Ker(γ˜M)→ (H+B (M))C → (H˜DR(M)C → Coker(γ˜M )→ 0
In equation E(M) the map from (H+B (M))C to (H˜DRM)C is given by γ˜M .
We take the obvious integral structure on H+B coming from usual singular cohomology.
We take the integral structure on Hj(XC, T (XC, r)) coming from H
j(X, t(r)).
If Hi is a sequence of finite abelian groups which are zero for i < 0 and for i sufficiently
large, let the Euler characteristic χ(H∗) be
∏ |Hi|(−1)i .
The first version of our conjecture now becomes;
Conjecture 3.1.1. :
ζ∗(X, r) = χ(H∗W (X,Z(r))tor)χ(H
∗
B(X,Z(r))
+
tor)χ(H˜
∗
DR(X,Z(r))tor)
multiplied by
2d−2∏
j=0
(det(C(M j,r)(−1)
j
2d−2∏
j=0
(det(E(M j,r)(−1)
j
,
up to sign and powers of 2.
Remember that we are considering the scheme zeta-function, which in general is not the
alternating product of Fontaine’s L-functions, because of problems at the bad primes.
For later computations, let χW (r) = χ(H
∗
W (X,Z(r))tor), χB(r) = χ((H
∗
B(X,Z(r))
+
tor),
and χDR(r) = χ(H˜
∗(X, t(r))tor).
Fontaine also has a more precise conjecture, which he calls the Bloch-Kato conjecture.
the actual Bloch-Kato conjecture stated in [BK] requires that the weight be less than -2.
But even then, although it seems highly likely that Fontaine’s Bloch-Kato conjecture is
equivalent in that case to the actual Bloch-Kato conjecture, it is not clear that the proof
is complete. Both versions of Bloch-Kato involve making extensive p-adic corrections by
looking at Fontaine’s B-rings (BDR, Bcris, etc.) It is a very interesting and important
problem to discuss whether this conjecture is equivalent to our conjecture, even for X
smooth over Z.
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Example 3.1.2. Let X be as in Example 2.1.6, and r = 0.We have χW (0) = h/w, det
(C(M0,0)) = R and det (E(M0,0)) = 1.
So our conjectured formula gives ζ∗(X, 0) = hR/w, which is compatible with the known
answer −hR/w.
Example 3.1.3. Let X be as in Example 2.1.6 and r = 1. χW (1) = h/w. χB = χDR = 1
Let M =M0,1.
We have the two exact sequences:
C(M) 0→ O∗F ⊗ C→ Coker(γM )→ C→ 0.
E(M) 0→ H+B (X,Z(1))C → (OF )C → Coker(γM )→ 0
We regard Coker (γM) = Coker(αM ) as having the integral structure which is defined
by H−B (Z(1)) = Z
r1+r2 .
The determinant of C(M) is equal to R (the classical regulator). The determinant of
E(M) is given by (2πi)r2 (
√
dF )
−1, where the (2πi)r2 comes from changing integral struc-
tures from H+B (1) to H
−
B and the
√
dF comes from changing integral structures from OF to
HB . This gives us the formula ζ
∗(X, 1) = (hR/w)(2πi)r2/
√
dF , which agrees up to sign
and powers of 2 with the classical formula ζ∗(X, 1) = (hR/w)2r1(2π)r2/
√|dF ] in view of
the well-known relation ir2 =
√
dF /[dF ] up to sign.
§4. The second version of the conjecture.
This version of the conjecture is more conceptual since it gives the zeta-value as a gen-
eralized Euler characteristic. The difficulty here is that the generalized Euler characteristic
involves cohomology in a hypothetical Weil-e´tale site, whose existence is not known. How-
ever, the hypothetical properties possessed by this site are so natural, and the formulas so
simple, that this point of view should not be neglected.
S 4.1 Complexes of Weil-e´tale sheaves (A(r), C(r) and D(r)).
Let XC = X× Spec C. Let a rational integer r be given. We assume the existence of
a Grothendieck topology associated with X (the Weil-e´tale site), of various complexes of
sheaves on this site, and of maps between these complexes having certain properties.
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We first assume the existence of the Weil-e´tale motivic complex Z(r). This should have
the property that the Weil-e´tale cohomology groups HjW (X,Z(r)) are the ones defined in
an ad hoc fashion in §2.1. We next assume the duality conjecture mentioned in §2.1, which
asserts that we may identify RΓW (X,Z(d − r)) with RHom(RΓW (X,Z(r)),Z[−2d − 1]).
We also assume the existence of a Weil-e´tale complex of sheaves ZB(r)
+ such that the
cohomology groups HjW (X,ZB(r)
+) are naturally the groups HjB(X,Z(r))
+ defined in §1,
and a Weil-e´tale complex of sheaves t(r) such that the cohomology groups HjW (X, t(r)) are
the groups H˜DR(X,Z(r)) = H
j(X, t(r)) defined in §2.2.
There should be a map get of complexes of Weil-e´tale sheaves on X from t≤2rZ(r) to
t≤2rZB(r))
+, and a map g of complexes of Weil-e´tale sheaves from Z(r) to ZB(r)
+ inducing
get and inducing the zero map on t≥2r+1Z(r).
We let A(r) be the single complex associated with the map g of complexes.
There should exist a map βet of complexes of e´tale sheaves on X mapping Z(r) to a
complex representing the derived exterior power λrΩX/Z[−r] such that
1) If r = 0, βet is the natural map from Z to OX
2)If r = 1, βet is the map induced by the map O
∗
X to ΩX/Z given by x 7→ dx/x, which
obviously maps Z(1) = Gm[−1] to ΩX/Z[−1].
3) For general r, βet induces the usual cycle map from H
2r
Zar(X,Z(r)) to H
r(XC,Λ
rΩXC),
extended to the e´tale cycle group H2ret (X,Z(r)).
Observe that βet induces a map from t≤2(d−r)Z(d− r) to λd−rΩX/Z[r−d], and so a map:
RHom(RΓ(X, λd−rΩX/Z)),Z[1−d])[d−r][−d−2])→ RHom(RΓet(X,Z(d−r)),Z[−2d−1])
.
Using on the one hand the duality which comes from our definition of Weil-e´tale co-
homology, and the other hand Grothendieck-Serre duality for coherent sheaves of differ-
entials (and assuming that derived exterior power behaves well with regard to duality),
we get a map from RΓet(X, (λ
r−1ΩX/Z)[−r − 2] to RΓW (X,Z(r)), and so a map from
RΓet(X, λ
r−1ΩX/Z[1− r][−3] to RΓW (X,Z(r)). We conjecture that this map is in fact in-
duced by a map h of complexes of Weil-e´tale sheaves h : t(r)[−3] → Z(r) recalling that
t(r) =
∐r−1
q=0 λ
qΩX/Z[−q].
We conjecture further that g ◦h = 0. Let C(r) be the single complex associated with the
map h of complexes..
SPECIAL VALUES OF ZETA-FUNCTIONS OF SCHEMES - 3/31/17 17
As usual we have the long hypercohomology exact sequences:
(4.1.1) · · · → HjW (X,Z(r))→ Hj+1W (X,C(r))→ Hj−2W (X, t(r))→ Hj+1W (X,Z(r))→ . . .
(4.1.2)
· · · → HjW (X,Z+B(r))→ Hj+1W (X,A(r))→ Hj+1W (X,Z(r))→ Hj+1W (XC,Z+B(r))→ . . .
The map from Hj−2W (X, t(r)) toH
j+1
W (X,Z(r)) should be induced from the map described
above if j ≥ 2r and should be the zero map otherwise.
If j > 2r, the sequence (4.1.1) splits (after tensoring with Q) into short exact sequences
(4.1.3) 0→ HjW (X,Z(r))Q| → Hj+1W (X,C(r))Q → Hj−2(X, t(r))Q → 0
.
If j < 2r, the sequence (4.1.2) splits (after tensoring with Q) into short exact sequences
(4.1.4) 0→ Hj,+B (X,Z(r))Q → Hj+1(X,A(r))Q → Hj+1(X,Z(r))Q → 0
since the map from HjW (X,Z(r))→ HjB(X,Z(r))+ is zero (up to torsion) by weight consid-
erations.
Let D′(r) be the single complex obtained from A(r) and C(r) as follows:
0 −−−−→ t(r)[−3] h−−−−→ Z(r) g−−−−→ Z+B(r) −−−−→ 0
Let D(r) = D′(r)[1].
Then we also have the following two hypercohomology exact sequences:
(4.1.5) · · · → HjW (X,A(r))→ HjW (X,D(r))→ Hj−2(X, t(r))→ Hj+1W (X,A(r))→ . . .
(4.1.6) · · · → Hj−1B (X,Z(r))+ → HjW (X,D(r))→ Hj+1W (X,C(r))→ HjB(X,Z(r))+ → . . .
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Conjecture 4.1.1. :
Let r be a rational integer. Then the complex of Weil-e´tale sheaves D(r) has the following
properties:
a) The hypercohomology groups HjW (X,D(r)) satisfy the hypotheses of Definition A.2
needed to define an Euler characteristic. Specifically, HjW (X,D(r)) is finitely generated,
zero for j < 0 and for all but finitely many j, and there exist maps δj from H
j
W (X,D(r))C
to Hj+1W (X,D(r))C such that (H
∗
W (X,D(r))C, δ
∗
C) is an acyclic complex.
We will give evidence and partial definitions for the maps δM in the next section.
§4.2. Beilinson Chern class maps., H1ζ , and H2ζ
We begin with some generalities about regulators. In the literature, the word ”regulator”
is used for both a map from an algebraic K-group to a Deligne cohomology group and for
the determinant of such a map with respect to integral bases for the domain and range. We
will try to avoid confusion by calling the maps ”logarithm maps” and reserving the term
”regulator” for determinants.
First, Beilinson defines logarithm maps from the weight r piece of algebraic K-theory to
integral Deligne cohomology (the hypercohomology of the integral Deligne complex) Var-
ious people (Bloch [Bl2], Fan,[Fa] ,Goncharov, [Go] Kerr-Lewis-Mu¨ller-Stach [KLM]) have
defined maps of complexes from motivic cohomology complexes (also called higher Chow
group complexes) to Deligne complexes. Using the conjectured natural isomorphism be-
tween algebraic K-groups and motivic cohomology, we believe that these maps all induce
the same maps from the motivic cohomology groups to Deligne cohomology, and we call
these maps BM , so if M =M
j,r with j ≤ 2r − 2, BM maps Hj+1et (X,Z(r)) to Coker (γ˜M ).
In addition, in the number field case, Zagier defines polylogarithm maps from certain
”higher Bloch groups” defined by generators and relations to finite-dimensional complex
vector spaces. These vector spaces may be identified with the appropriate Deligne cohomol-
ogy, and it is assumed that the ”higher Bloch groups” give algebraic K-theory when both
are tensored with Q. (Here we need to make use of the identification of OF ⊗C with
∐
σ C
where the sum is taken over the distinct embeddings σ of the number field F into C. This
introduces a factor of the square root of the discriminant)
We also believe that,again making the indicated identifications, Zagier’s polylogarithm
maps agree with the logarithm maps.
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In order to define the regulators (determinants) we would like to have integral structures
for the two complex vector spaces which are the domain and range of the logarithm maps.
Since the domain is obtained by tensoring the conjecturally finitely-generated K-group with
C there is a natural integral structure. However, since the map from Betti cohomology to
de Rham cohomology is transcendental, there is no natural integral structure on Deligne
cohomology. Beilinson gets around this by using highest exterior powers, where there is
an integral structure induced from the Betti and de Rham integral structures. If M is
a pure motivem we call the “ regulator” (R(M)) the determinant obtained by using this
integral structure. We would like to call this the ”Beilinson regulator” but that term has
already been used for a different way of introducing integral structures. The basic problem
in defining regulators is that the regulator which has the best relation to values of Dedekind
zeta-functions at positive values r is not the same as the one which has the best relation to
values of zeta-functions at negative integers 1−r. (It is the same for r = 0 and r = 1, which
leads to confusion). Traditionally, the Beilinson and (modified) Borel regulators (RB) are
defined so as to be best for negative integers. However the logarithm regulators, which are
best for positive integers, are more natural.
More precisely, let again M = M j,r be the motive Hj(X,Z(r)). Let H˜DR(M) =
HjDR(X,Z(r))/F
0.Let HW (M) = H
j+1
W (X,Z(r)). We have the modified period map γM :
H+B (M)C → H˜DR(M)C. If the weight w(M) = j−2r of M is ≤ −3 (resp.≥ 1) we define the
Deligne cohomology (resp. homology) associated with M to be the cokernel (resp. kernel)
of γM .
If w(M) ≤ −3, we define the regulator R(M) as follows: Let logM be the logarithm map
from motivic cohomology HW (M) to Deligne cohomology. Then define R(M) to be the
determinant of logM with respect to the integral bases coming from HW (M), H
+
B (M), and
the derived exterior powers of H˜DR(M).
If w(N) ≥ 0, define the regulator R(N) as follows. Consider the following diagram:
0 −−−−→ H+B (N)C
i−−−−→ HB(N)C j−−−−→ H−B (N) −−−−→ 0
γN
y
0 −−−−→ F0(N)C k−−−−→ HDR(N)C −−−−→ t(N)C −−−−→ 0
Let M = N∗(1). Let βN : F0(N)C → H−B (N) = j ◦ γ−1N ◦ k. T we may dentify HB(N)
with the dual of HB(M) and HDR(N) with the dual of HDR(M) Under this identification,
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we have γN = (γ
∗
M )
−1. Then we see that Ker(βN ) is the dual of coker(|alphaM ) and also
γN inducs an isomorphism from Ker(αN ) to Ker(βN ). By definition HW (N)C is the dual
of HW (M)C. Let log
−1(N) : Ker(αN) → HW (N)C be the transpose of logM . then define
R(N) to be the determinant of log−1(N) with respect to the integral bases coming from
HW (N), H
+
B (N) and the derived highest exterior power of t(N).
We now examine the particular case of number rings. Let as above F be a number field,
OF the ring of integers in F , and X = Spec OF . Let r > 1 be an integer , and let M
be the motive H0(X,Z(r)). Recall that the logarithm map logM maps H
1
W (X,Z(r))C to
t(M)C = (OF )C/γM (H
+
B (M))C. We now identify (OF )C as usual with H
0
B(XC) =
∐
σ C and
consequently t(M)C with H
−
B (M) = C
ar . Define Rr to be the determinant of the map from
H1W (X,Z(r))C to C
ar with respect to the integral bases coming from H1W (X,Z(r)) and Z
ar .
Now look at N = H0(X,Z(1− r)) Our definition of R1−r is as follows: We define log−1N
to be the transpose map log∗M : C
ar → H1(X,Z(r))∗C. We have the map γN , which maps
H+B (N) to the dual space of C
a
r . Recall that if we identify C
a
rwith de Rham cohomology
the map γN is given by multiplication by (2πi)
1−r/Γ∗(1− r). We take a basis for Car given
by γN (H
+
B (N)), and a basis for H
1
W (X,Z(r))
∗ coming from the dual group H2W (X,Z(1 −
r)). Then we let R1−r be the determinant of log
−1
N with respect to these bases, which is
((2πi)1−r(r − 1)!)arRr.
Note that, up tp a rational number, R1−r is what is usually called the Beilinson (or Borel)
regulator. On the other hand, Rr is (presumably) the regulator defined by Zagier [Z]using
polylogarithms. In [Z] Zagier says that this ought to be the same as the Borel regulator,
but this is not accurate.
In this section we will explain how our conjectured maps δi from H
j
W (X,D(r))C to
Hj+1W (X,D(r))C, relate to logarithm maps and to Fontaine’s maps.
Let V = XC. First let j ≤ 2r−2. We have the logarithm map logM mapping Hjet(X,Z(r))
to the Deligne cohomology group Coker (γM).
0 −−−−→ (H+B (M))
γ˜M−−−−→ H˜DR(M)C −−−−→ Coker(γ˜M ) −−−−→ 0
CM
x
Hj+1(X,Z(r))
where γ˜M is induced by the modified period map from Betti to de Rham cohomology
defined in §3.1.
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Now take the pullback of the top sequence, to obtain a short exact sequence
(4.2.1) 0→ H+B (M)→ H1ζ (M)→ Hj+1(X,Z(r))→ 0
.
We conjecture that H1ζ (M)Q ,ay be identified with H
j+1(X,A(r))Q, and that after ten-
soring with Q (4.2.1) may be identified with (4.1.4).
We now obviously get a map φ1 from H
1
ζ (M)C to H˜DR(M)C . If j ≤ 2r − 3, this map is
an isomorphism if we believe, as Beilinson conjectures, that for j ≤ 2r − 3, the logarithm
map logM induces an an isomorphism from H
j+1
et (X,Z(r))C to Coker (α˜M) = Coker (γ˜M ).
For j ≤ 2r − 3, define H2ζ (M) to be H˜DR(M), so we have a conjectured isomorphism from
H1ζ (M)C to H
2
ζ (M)C,
Now let j = 2r − 2. In this case the Beilinson conjecture says that the logarithm map
induces an isomorphism between Hj+1et (X,Z(r))C and the kernel of the map from Coker
α˜M to H
2
c (M)C where H
2
c (M) is defined to be the dual of H
2d−2r
et (X, ,Z(d− r)). (This is a
variant of Beilinson’s conjecture which is implicit in Fontaine’s six-term exact sequence). As
before, Beilinson’s conjecture implies that there is an induced isomorphism from H1ζ (M)C
to the kernel of the induced map from H˜DR(M)C to H
2
c (M)C. In fact, this map comes from
a map from H˜DR(M) to H
2
c (M), and in this case we call this kernel of this map H
2
ζ (M).
So again we have the conjectured isomorphism from H1ζ (M)C to H
2
ζ (M)C.
We now consider the dual situation. Let j ≥ 2r. Let N =M∗(1) = H2d−2−j(X,Z(d−r)).
Then the dual C∗N of the logarithm map for N maps the Deligne homology Ker (γ˜M)C to
HjW (X,Z(r))C. We look at the exact sequence
0→ Ker(γ˜M )→ H+B (M)→ H˜DR(M)C → 0
and take the pushout from the map C∗N to obtain
(4.2.2) 0→ Hj+2W (X,Z(r))C → H2ζ (M)→ H˜DR(M)C → 0
We conjecture that H2ζ (M) may be identified with H
j+3(X,C(r))C and that after ten-
soring with C, (4.2.2) may be identified with (4.1.3).
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We now obviously get a map φ2 from H
+
B (M)C to H
2
ζ (M) If j ≥ 2r + 1, this map is an
isomorphism modulo Beilinson’s conjectures. For j ≥ 2r + 1, define H1ζ (M) to be H+B (M),
so we have a conjectured isomorphism again from H1ζ (M)C to H
2
ζ (M)C.
Now let j = 2r. Analogously to what we did before, we define H1ζ (M) to be the cokernel
of the map from H2ret (X,Z(r)) to H
2r
B (X,Z(r))
+, and again get a conjectured isomorphism
from H1ζ (M)C to H
2
ζ (M).
Finally, if j = 2r − 1, let H1ζ (M) = H2ret (X,A(r)) and let H2ζ (M) = H2r+2W (X,C(r)).
Then there should be exact sequences:
(4.2.3) 0→ H2rB (X,Z(r))+Q → H1ζ (M)Q → H2ret (X,Z(r))Q → 0
and
(4.2.4) 0→ H2r+1W (X,Z(r))Q → H2ζ (M)Q → H˜DR(M)Q → 0
and isomorphisms θM mapping H
1
ζ (M)C to H
2
ζ (M)C.
These isomorphisms should induce period isomorphisms from H+B (M)C to H˜DR(M)C and
height-pairing isomorphisms from H2r+1W (X,Z(r))C to H
2r
et (X,Z(r))C.
(See [Li2] for a more detailed description of this using 1-motives if r = 1).
Summing up, let M =M j,r. We believe that the following picture holds:
The sequence 4.1.5 breaks up after tensoring with C into short exact sequences:
(4.2.5) 0→ H1ζ (M)C → Hj+!(X,D(r))C → H2ζ (M j−1,r)C → 0
for j ≤ 2r.
the sequence 4.1.6 breaks up after tensoring with C into short exact sequences:
(4.2.6) 0→ H1ζ (M)C → Hj+1(X,D(r))C → H2ζ (M j−1,r)C →
for j ≥ 2r + 1.
We can choose splittings of these sequences such that
(4.2.7) Hj+!W (X,D(r))C ≃ H1ζ (M)C ⊕H2ζ (M j−1,r)C
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for all j.
We hope that these splittings can in fact be made canonical.
Also, we have isomorphisms θM : H
1
ζ (M)C ≃ H2ζ (M)C for all j. We immediately see
that we can define maps δj from HJ (X,D(r))C to H
j+1(X,D(r))C such that the complex
H∗W (X,D(r))C, δ
∗ is acyclic.
We observe that it follow from the definitions of the groups H1ζ (M) and H
2
ζ (M) that we
have the exact sequences:
(4.2.8) 0→ H0f (M)Q → H+B (M)Q → H1ζ (M)Q → H1f (M)Q → 0
(4.2.9) 0→ H1c (M)C → H2ζ (M)C → H˜DR(M)C → H2c (M)C → 0
of (conjecturally) finitely-dimensional vector spaces,. Taking into account the isomor-
phism θM from H
1
ζ (M)C to H
2
ζ (M)C, we obtain by diagram-chasing the existence of the
modified Fontaine sequence C(M) defined in §3. Note that all the maps in (4.2.8) and
(4.2.9) are defined integrally, and only θM is transcendental. The reader can easily verify
that the induced map from H+B (M)C to H˜DR(M)C is our modified period map γ˜M .
All computations below are valid only up to finite 2-groups.
Example 4.2.1. :Let X be as in Example 2.1.6. Let r = 0. Then
H0W (X,D(0)) = 0
H1W (X,D(0)) = (H
0
B(XC,Z))
+/H0W (X,Z) ≃ Zr1+r2/Z
HjW (X,D(0)) = H
i
W (X,Z), for j ≥ 2 so we have:
0→ Hom(Pic(OF ),Q/Z)→ H2W (X,D(0))→ Hom(O∗F .Z)→ 0
H3W (X,D(0)) = Hom(µF ,Q/Z)
Hj(X,D(0)) = 0 for j 6= 0, 1, 2, 3
.
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Example 4.2.2. : Let X be as in Example 2.1.6. Let r < 0. Then
H1W (X,D(r)) = H
0
B(XC,Z(r))
+ ≃ Zbr
H2W (X,D(r)) fits into an exact sequence
0→ Hom(K−2r(OF ),Q/Z)→ H2W (X,D(r))→ Hom(K1−2r(OF ),Z)→ 0
H3W (X,D(r)) = Hom((K1−2r(OF ))tor,Q/Z)
HjW (X,D(r)) = 0 for j 6= 1, 2, 3
Example 4.2.3. : Let X be as in Example 2.1.6, and let r = 1. H1W (X,A(1)) fits into an
exact sequence:
0→ H0B(XC,Z(1))+ → H1W (X,A(1))→ O∗F → 0
(H0B(XC,Z(1))
+ ≃ Zr2)
H2W (X,A(1)) = Pic(OF )
H3W (X,A(1)) = Z
HjW (X,A(1)) = 0 for j 6= 1, 2, 3
H1W (X,D(1)) = H
1
W (X,A(1))
H2W (X,D(1)) and H
3
W (X,D(1)) fit into an exact sequence
0→ Pic(OF )→ H2W (X,D(1))→ OF → Z→ H3W (X,D(1))→ 0
where the map from OF to Z is the trace.
HjW (X,D(1)) = 0 for j 6= 1, 2, 3
Example 4.2.4. Let X be as in Example 2.1.6, and let r > 1. H1W (X,A(r)) fits into an
exact sequence
0→ H0B(XC,Z(r))+ → H1W (X,A(r))→ K2r−1(OF )→ 0
H2W (X,A(r)) = K2r−2(OF )
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HjW (X,A(r)) = 0 for j 6= 1, 2
H1W (X,D(r)) = H
1
W (X,A(r))
H2W (X,D(r)) fits into an exact sequence
0→ K2r−2(OF )→ H2W (X,D(r))→ H0(X, t(r))→ 0
where H0(X, t(r)) is isomorphic to OF .
H3W (X,D(r)) = H
1(X, t(r)) ≃ Ω(r−1)X/Z
(See Example 2.2.2).
HjW (X,D(r)) = 0 for j 6= 1.2, 3
§. 4.3. The second conjectural formula for special values of the zeta-function.
. Assume that X is regular and projective, flat, (but not necessarily smooth or ge-
ometrically connected) over the ring of integers Z. Let d be the dimension of X . Let
XC = X ×Z C. Let HmB (XC,C) have the Hodge decomposition
∐
p+q=mH
p.q where Hp,q =
Hp(XC,Λ
qΩXC/C), and let h
p,q be the dimension of Hp,q.
Conjecture 4.3.1. :
Let r be a rational integer. Then the complex of Weil-e´tale sheaves D(r) whose existence
we postulated in Section 3 has the following properties:
a) The hypercohomology groups HjW (X,D(r)) satisfy the hypotheses of Definition A.2
needed to define an Euler characteristic. Specifically, HjW (X,D(r)) is finitely generated,
zero for j < 0 and for all but finitely many j, and the maps θj mentioned in §4.3 induce
C-linear maps θjC from H
j
W (X,D(r))C to H
j+1
W (X,D(r))C such that (H
∗
W (X,D(r))C, θ
∗
C) is
an acyclic complex.
b) ζ∗(X, r) = χW (X,D(r)), up to sign and powers of 2.
Example 4.3.2. :
Let X be as in Example 2.1.6, and let r = 0. Let v denote an infinite place of F .
The map θ1 from (H
1
W (X,D(0)))C ≃ (
∐
v Z/Z)C to (H
2
W (X,D(0)))C = Hom(O
∗
F ,C)
is given by 1v → (u → log |u|v). This vanishes on Z by the product formula. Its de-
terminant is given by the classical regulator R. Since the order of (H2W (X,D(0))tor =
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Hom(Pic(OF ),Q/Z) is the class number h, and the order of H
3
W (X,D(0)) is the number
w of roots of unity in F , we obtain the classical formula ζ∗(F, 0) = −hR/w, up to sign and
powers of 2.
Example 4.3.3. : Let X be as in example 2.1.6, and let r = 1.
We recall from Example 4.2.3 that we have the two exact sequences
(4.3.1) 0→ H0B(X,Z(1))+ → H1W (X,D(1))→ O∗F → 0
(4.3.2) 0→ Pic(OF )→ H2W (D(1))→ OF → Z→ H3W (X,D(1))→ 0
and HjW (X,D(r)) = 0 for j 6= 1, 2, 3.
We have the following commutative diagram:
0 −−−−→ H0B(XC,Z(1))+C −−−−→ H1W (X,D(1))C −−−−→ O∗F ⊗ C −−−−→ 0yβ
yψ
yρ
0 −−−−→ H0B(XC,Z)−C −−−−→ (H0B(XC,Z)C)0 −−−−→ (H0B(XC,Z)+C )0 −−−−→ 0
where ((H0B(XC,Z)
−
C ))
0 = Ker(H0B(XC,Z)
−
C )→ Z).
and (H0B(XC,Z)C)
0 = Ker(H0B(XC,Z)C)→ Z).
The determinant of ρ is the classical regulator R, and the determinant of β is (2πi)r2 , so
the determinant of ψ is equal to R multiplied by (2πi)r2 .
In order to get the determinant of the map θ1 from (H
1
W (X,D(1)))C to (H
2
W (X,D(1)))C
which appears in our zeta-function formula, we have to compose ψ with the map φ from
(H0B(X,Z)C)
0 to the kernel of the map from (OF )C to ZC induced by the trace. The
determinant of φ is easily seen to be
√
dF
−1|Coker(Tr)|, so the determinant of θ1 is given
by R((2πi)r2
√
dF
−1
.
Putting everything together we get that in the case d = 1, r = 1 the second zeta-function
conjecture says
(4.3.3) ζ∗(SpecOF , 1) = (hR/w)(2πi)
r2
√
dF
−1
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up to sign and powers of 2, which agrees with the classical formula,
taking into account the well-known fact that ir2 = ±√dF /
√|dF |.
ollows from Example 4.2.2 that H2W (X,D(r))tor ≃ Hom(K−2r(OF ),Q/Z). We also find
that H3W (X,D(r))tor = H
3
W (X,D(r)) ≃ Hom(K1−2r(OF ))tor,Q/Z). We then look at the
map (ρ)tr from C
br to H2W (X,D(r))C. This latter is the dual space to K1−2r(OF ) ⊗ C, so
we take as its basis the dual basis to a Z-basis for K1−2r(OF )/torsion, and the standard
basis for Cbr . But we want our map θr to map (H
1
W (X,D(r)))C to (H
2
W (X,D(r))C =
(H0B(X,Z(r)
+)C. The dual of the logarithm map for 1−r becomes our map θr, but we have
to change the basis by (2πi)r(r − 1)!. Our general conjecture then says that
(4.3.4) ζ∗(Spec OF , r) = |K−2r(OF )|/|(K1−2r(OF ))tor|Rr =
= |K−2r(OF )|/|(K1−2r(OF ))tor|R1−r((2πi)r(−r)!)br
up to sign and powers of 2 (since ar = b1−r, so R1−r = ((2πi)
r(−r)!)−brRr. This is in
agreement with our long-ago conjecture ([Li3]) about ζ∗(F, r), remembering that we allowed
some appropriate ”normaiization” of the regulator.
Example 4.3.5.
Let X be as in Example 2.1.6, and let r > 1. Recall from §4.3 that we have the two exact
sequences
(4.3.5) 0→ H0B(X,Z(r))+ → H1W (X,D(r))→ K2r−1(OF )→ 0
(4.3.6) 0→ K2r−2(OF )→ H2W (X,D(r))→ H0et(X, t(X, r))→ 0
H3W (X,D(r)) ≃ H1et(X, t(X, r)) ≃ (ΩX/Z)r−1 and HiW (X,D(r)) = 0 for i 6= 1.2, 3.
We have the following commutative diagram:
0 −−−−→ H0B(XC,Z(r))+C −−−−→ H1W (X,D(r))C −−−−→ H1W (X,Z(r))C −−−−→ 0yβr
yψ
yBr
0 −−−−→ H0B(XC,Z)+C −−−−→ H0B(XC,Z)C −−−−→ H0B(XC,Z)−C −−−−→ 0
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Let v = |(H1W (X,Z(r))tor|.
Our conjecture asserts that ζ(X, r) = χ(X,D(r)) = |K2r−2(OF )|det(ψ)/vdr−1F . Lemma
A4 tells us that v/|K2r−1(OF )tor| = det(ψ)/Rr(2πir)/(r − 1)!)br .
In order to get the determinant of the map θr from (H
1
W (X,D(r)))C to (H
2
W (X,D(r)))C
which appears in our zeta-function formula, we have to compose ψ with the map φ from
H0B(X,Z)C to H
0
et(X,OX)C. The determinant of φ is well-known to be
√
dF
−1
.
Putting everything together we get that in the case d = 1, r > 1 the zeta-function
conjecture says
(4.3.7)
ζ∗(SpecOF , r) = χ(D(r)) = |K2r−2(OF )|/|K2r−1(OF )tor|.Rr((2πi)r/(r − 1)!)br
√
dF
1−2r
up to sign and powers of 2.
Proposition 4.3.6. . Let r ≥ 2 be an integer. Formulas (4.3.4) and (4.3.7) are compatible
with the functional equation for the Dedekind zeta-function.
Proof: We first recall the functional equation. Define φ(s) by
(4.3.8) φ(s) = Γ(s/2)r1Γ(s)r2(2−r2
√
|dF |π−n/2)sζ(SpecOF , s)
where n = r1 + 2r2 = [F : Q]. Then φ(s) = φ(1− s)
The compatibility of (4.3.4) and (4.3.7) immediately reduces to proving that
((2πi)r/(r − 1)!)br
√
dF
1−2r
Γ(r/2)r1Γ(r)r2 =
= Γ∗((1− r)/2)r1Γ∗(1− r)r2(2−r2
√
|dF |π−n/2)1−2r((2πi)1−r(r − 1)!)ar
up to sign and powers of 2. (Γ∗(r) is the leading term of the Laurent series expansion of
Γ(z) at z = r).
Lemma 4.3.7. Γ(r)Γ(r/2)−1Γ∗((1− r)/2) = √π if r is even, and = √π−1 if r is odd, up
to sign and powers of 2.
Proof: This is an immediate consequence of the functional equation for the Γ-function:
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(4.3.9) Γ(z)Γ(1− z) = π/ sinπz
and the duplication formula:
(4.3.10) Γ(z)Γ(z + 1/2) = 21−2zΓ(2z)
√
π
.
We also recall the classical formula from algebraic number theory
(4.3.11)
√
dF /
√
|dF | = ±ir2
Then, considering the cases when r is even and r is odd separately, and using the func-
tional equation one more time, Lemma 4.3.7 and equation (4.3.11) yield the proposition.
§5. Compatibility of the first conjecture with the functional equation for X smooth over
Z.
In this section we discuss the compatibility of the first conjecture with the well-known
conjectured functional equation due to Serre [Se2]. Let X as usual be a regular scheme
projective and flat over Spec Z and of Krull dimension d, so that the relative dimension
over Spec Z is d− 1.
We first remind the reader that our conjecture is for special values of the scheme zeta
function ζ(X, s), which is defined to be the product of the scheme zeta-functions ζ(Xp) of
the fibers Xp. We have ζ(Xp, s) =
∏2d−2
j=0 L
j(Xp, s)
(−1)j and if p is a good prime Lj(Xp, s)
is equal to the factor at p of the Hasse-Weil L-function LjHW (X, s). So if X is smooth over
a number ring OF we have ζ(X, s) =
∏2d−2
j=0 L
j
HW (X, s)
(−1)j .
Serre’s functional equation relates LjHW (X, s) to L
j
HW (X, j + 1 − s). In order to use
this to get a conjectured functional equation for ζ(X, s) we must first assume that X is
smooth over OF , and then use the fact that in this case Poincare´ duality and the Riemann
hypothesis for varieties over finite fields imply that LjHW (X, s) = L
2d−2−j
HW (X, s+ d− 1− j)
so the functional equation relates LjHW (s) to L
2d−2−j
HW (X, d− s), and we can multiply them
together to get a functional equation relating ζ(X, s) to ζ(X, d− s).
From now on in this section we will assume that X is smooth over Spec Z, and we will
write Lj(X, s) instead of LjHW (X, s). Everything should work similarly in the case where
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X is only assumed to be smooth over OF , and we add factors involving the discriminant of
F .
This compatibility should be the result of combining duality for the finite groups involved,
compatibility of period and regulator maps with Poincare´ duality, and Γ-function identities.
§5.1 Serre’s functional equation and Γ-function identities
Let X0 be a smooth projective algebraic variety of dimension d− 1 over the number field
F . Let j be a non-negative integer, and let Lj(X0, s) be the L-function attached by Serre
in [Se] to the j-th cohomology group of X0,
Let v be a real place of F , let Fv be the completion of F at v. Let σ be the map of
F into C inducing the place v. Let Xv = X0 ×F C, where σ maps F into C, and let
Ω = ΩXv/C. Recall that Hodge theory gives us a decomposition H
j
DR(Xv) =
∐
Hp.qv , where
the sum is taken over pairs (p.q) such that p+ q = j and Hp.qv = H
p(Xv,Ω
q). Let c be the
automorphism of Xv induced by complex conjugation acting on C/Fv. Then if j is even
and equal to 2n, c acts as an involution on Hn,nv . Let hv(p, q) be the dimension of H
p,q
v .
Then Hn,nv = H
(n,+)
v ⊕H(n,−)v , where
H(n,+)v = {x ∈ Hn,nv , c(x) = (−1)nx}
H(n,−)v = {x ∈ Hn,nv , c(x) = (−1)(n+1)x}
Let hv(n,+) = dimH
(n,+)
v , hv(n,−) = dimH(n,−)v .
Let Bjv be the rank of H
j(Xv,Z), and let (B
j
v)
+ be the rank of the subgroup of Hj(Xv,Z)
left fixed by c. Let (Bjv)
− = Bjv − (Bjv)+. Note that if j = 2n is even, (Bjv)+ is equal to
Σhv(p, q) + hv(n,+) if n is even and is equal to Σhv(p, q) + hv(n,−) if n is odd, where the
sum is taken over all pairs (p, q) where p < q and p + q = j. Let (Bj,rv )
− be (Bjv)
− if r is
even, and (Bjv)
+ if r is odd.
Let ΓC(s) = (2π)
−sΓ(s). Let ΓR(s) = π
−s/2Γ(s/2).
Serre gives the functional equation φj(s) = ±φ(j + 1− s), where φ(s) = Lj(s)As/2Γj(s),
A is a certain positive integer, and Γj(s) is described as follows:
Γj(s) =
∏
v Γ
j
v(s) where Γ
j
v(s) =
∏
p+q=j(ΓC(s − inf(p, q))hv(p,q) if v is a complex place
of F ,
Γv(s) = ΓR(s−n)hv(n,+)ΓR(s−n+1)hv(n,−)
∏
p<j−p ΓC(s−p)hv(p,j−p), if v is a real place
of F .
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We observe that it is an easy computation that Γjv(s) = Γ
2d−2−j
v (s + d− j − 1), so that
with our earlier observation that at least in the smooth case Lj(s) = L2d−2−j(s+ d− j− 1)
we obtain that Serre’s functional equation is equivalent to the functional equation φj(s) =
±φ2d−2−j(d− s).
Theorem 5.1.1. Let v be a real place of F .
If j is even, (Γjv)
∗(r)/(Γ2d−jv )
∗(d− r) is equal up to sign and powers of 2 to ∏p(Γ∗(r −
p))hv(p,q)π−Bjv(r − j/2) + (Bj,rv )−. (The products run over 0 ≤ p ≤ Bjv).
If j is odd, (Γjv)
∗(r)/(Γ2d−jv )
∗(d − r) is equal up to sign and powers of 2 to ∏p Γ∗(r −
p)hv(p,q)π−B
j
v(r−(j+1)/2)
. Proof. We consider the case when j is even. (The case when j is odd is similar, but
simpler). Let j = 2n. We compute the terms not involving n or d − 1 − n. Fix v and let
q = j − p. Let p′ = d− 1− p and q′ = d− 1− q, so p′ + q′ = 2d− 2− j. We have
∏
p<q
Γ∗C(r − p)hv(p,q)/
∏
p′<q′
Γ∗C(d− r − p′)hv(p
′,q′) =
,
∏
p<q
Γ∗C(r − p)hv(p,q)/
∏
p>q
Γ∗C(1− r + p)hv(p,q)
since hv(p, q) = hv(p
′, q′) by Serre duality.
By definition of ΓC, this is equal to
∏
p<q
Γ∗(r − p)hv(p,q)/
∏
p>q
Γ∗(1− r + p)hv(p,q)
multiplied by
(2π)−(Σp<q(hv(p,q)(r−p)−Σp>q(hv(p,q)(1−r+p))
This product is then equal to
±
∏
p6=n
Γ∗(r − p)hv(p,q)(2π)−(Σp,q(hv(p,q)((r−p)−(1−r+j−p))
because of the relation Γ∗(r) = ±Γ∗(1 − r)−1 for integral r which follows immediately
from the functional equation for the Gamma function. We then obtain:
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(5.1.1) ±
∏
p6=n
Γ∗(r − p)hv(p,q)(2π)−(Bjv−hv(n,n))(r−(j+1)/2)
We now look at the terms involving n with v still fixed.
We first observe that the functional equation for the Gamma function implies that
Γ∗(a/2)Γ∗((2−a)/2) equals ±π if a is an odd integer and equals ±1 if a is an even integer.
We compute:
Γ∗R((r − n))hv(n,+)Γ∗R((r − n+ 1))hv(n,−)
multiplied by
Γ∗R((d− r − (d− 1− n))−hv(n,+)Γ∗R(d+ 1− r − (d− 1− n))−hv(n,−)
which we rewrite as
(5.1.2) (Γ∗((r − n)/2)(Γ∗(1− r + n)/2)−1)hv(n,+)
multiplied by
(5.1.3) Γ∗((r − n+ 1)/2)(Γ∗((n+ 2− r)/2)−1)hv(n,−)
multiplied by
(5.1.4) π−(hv(n,+)(2r−2n−1)/2+hv(n,−)(2r−2n−1)/2)
First assume that r − n is odd. By the functional equation,
(5.1.5) Γ∗((1− r + n)/2)−1 = ±Γ∗((r − n+ 1))/2
(5.1.6) Γ∗(n+ 2− r)−1 = ±π−1Γ∗(r − n)/2
.
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Now recall the duplication formula for the Gamma function;
(5.1.7) Γ(2s) = 22s−1Γ(s)Γ(s+ 1/2)/
√
π
Then (5.1.2) becomes (using (5.1.5) and (5.1.7))
(±2n−r+1Γ∗(r − n)√π)hv(n,+)
and (5.1.3) becomes
(±2n−rΓ∗(r − n)(√π)−1)hv(n,−)
while (5.1.4) is
(5.1.8) π−hv(n,n)(r−(j+1)/2
So, up to sign and powers of 2, our product has become
(5.1/9) Γ∗(r − n)hv(n,n)π(hv(n,n)(r−(j+1)/2)+hv(n,n)/2−hv(n,−)/2
Multiplying (5.1.1) by (5.1.9) we get
(5.1.10)
∏
p
Γ∗(r − p)hv(p,q)π−(Bjv(r−(j+1/2)))+hv(n,+)/2−hv(n,−)/2)
which equals
(5.1.11)
∏
p
Γ∗(r − p)hv(p,q)π−(Bjv(r−j/2)+(Bjv)+
if n is even ( so r odd) and equals
(5.1.12)
∏
p
Γ∗(r − p)hv(p,q)π−Bjv(r−j/2)+(Bjv)−
if n is odd (so r even). since (Bj − hv(n, n)/2) + hv(n, n)+ is equal to (Bjv)+ if n is even
and (Bjv)
− if n is odd.
The proof for r − n even is identical, except for switching hv(n,+) and hv(n,−).
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Theorem 5.1.2. Let v be a complex place of F . Then (Γjv)
∗(r)/(Γ2d−2−jv )
∗(d− r) is equal
up to sign and powers of 2 to (
∏
p Γ
∗(r − p))2h(p,q)π−Bjv(2r−(j+1))
Proof. Let q = j − p, p′ = d− 1− p and q′ = d− 1− q.
We write (Γj)∗v(r)/(Γ
2d−2−j)∗v(d− r) =
∏
p
Γ∗C(r − Inf(p, q))hv(p,q)/
∏
p′
ΓC(d− r − Inf(p′, q′))hv(p
′,q′)
which is equal to
(5.1.13)
∏
p
Γ∗(r − Inf(p, q))(hv(p,q)/
∏
p′
Γ∗(d− r − Inf(p′, q′))hv(p′,q′)
multiplied by
(5.1.14) (2π)−(Σphv(p.q)(r−Inf(p,q)−Σp′(hv(p
′,q′)(d−r−Inf(p′,q′))
Since (hv(p
′, q′) = hv(p, q), the functional equation transforms (5.1.13) into (up to sign)
(5.1.15)
∏
p
Γ∗(r − Inf(p, q))hv(p,q)
∏
p
Γ∗(r − Sup(p, q))hv(p,q)
,
which in turn equals
(
∏
p
Γ∗(r − p)hv(p,q))2
Now (5.1.14) easily transforms into (π2r−j+1)Σphv(p,q), which becomes πB
j
v(2r−(j+1)).
§. 5.2 The ratio of the conjectural formulas.
Let r be an integer. Our first zeta-conjecture computes the values of ζ∗(X, r) in terms
of the orders of finite groups and the determinants Ej(X, r) of isomorphisms of finitely-
dimensional complex vector spaces, with respect to bases given in terms of finitely generated
abelian groups.
We will assume in this section that the scheme X is projective and smooth over Spec Z,
and of Krull dimension d.
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What we will do is show that the determinant part of the conjecture for ζ(X, r) divided
by the determinant part of the conjecture for ζ(X, d − r) gives the product of the terms
predicted by Serre’s functional equation. In fact we will do this at the level of L-functions.
We will be ignoring the finite groups involved. (Their contributions should cancel by various
duality theorems, as we will explain in the next section. However, the cancellation may only
exist completely at the level of zeta-functions, and we are not convinced that there is a
precise conjecture of the type we consider here which only looks at one L-function at a
time).
It is easiest to understand what is going on if we shift back to the Fontaine -Perrin-
Riou picture. Remember that where they compute determinants of maps of complex vector
spaces with respect to Q-rational structures, and so get a formula for the special value of
the L-function up to a rational number, we will try to compute these same determinants
with respect to integral structures, and so get a conjecture valid up to sign. (In fact, we
also have to ignore powers of 2, which can be dealt with but would introduce a whole other
level of complexity.)
Let M be the motive Hj(X,Z(r)),. Then we recall the two sequences of Fontaine, as
modified by us in §3.:
C(M) 0→ H0f (M)C → Ker(γ˜M )→ H1c (M)C → H1f (M)C → Coker(γ˜M )→ H2c (M)C → 0
E(M) 0→ Ker(γ˜M )→ (H+B (M))C → (tM )C → Coker(γ˜M )→ 0
Let N be the dual motive M∗(1) = H2d−2−j(X,Z(d− r)).
Then as we have remarked earlier, Fontaine’s DB-conjecture says that up to a rational
number,
(Lj)∗(X, r) = det(C(M))det(E(M))
We need to give integral structures to the various terms in C(M) and E(M). The
sequence C(M) has four Weil-e´tale motivic cohomology terms which all have a natural
integral structure, since they are the complexifications of finitely generated abelian groups.
We choose arbitrary bases for the terms Ker(γ˜M ) and Coker(γ˜M ) in C(M), being careful
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to choose the same bases for the corresponding terms in E(M). The other two terms in
E(M) have natural integral structures coming from Betti cohomology and the de Rham
cohomology of the scheme over Z. We also take γ˜M to be the map induced by our modified
period map from Section 1.3.
The basic point here is that the sequence C(N) is the transpose of the sequence C(M),
so they have the same determinant.
In order to examine the relation between the determinants of E(M) and E(N) we need
the following linear algebra lemma, whose proof we leave to the reader.
Lemma 5.2.1. Let 0 → A1 → A2 → A3 → 0 and 0 → A′1 → A′2 → A′3 → 0 be exact
sequences of finitely generated abelian groups. Let ρ be an isomorphism from (A2)C to
(A′2)C. Consider the following diagram:
0 −−−−→ (A1)C i1−−−−→ (A2)C i2−−−−→ (A3)C −−−−→ 0
ρ
y
0 −−−−→ (A′1)C
j1−−−−→ (A′2)C
j2−−−−→ (A′3)C −−−−→ 0
Let θ = j2 ◦ ρ ◦ i1 and let ψ = i2 ◦ ρ−1 ◦ j1, so θ : (A1)C → (A′3)C and ψ : (A′1)C → (A3)C.
Then ρ induces isomorphisms of Ker(θ) with Ker(ψ) and Coker(θ) with Coker(ψ). If
we take compatible bases of the kernels and cokernels and bases of the other terms coming
from the indicated integral structures, we have d˜et(θ) = det(ρ)d˜et(ψ), where
d˜et(θ) = det(0→ Kerθ → A1 → A′3 → Cokerθ → 0)
d˜et(ψ) = det(0→ Kerψ → A′1 → A3 → Cokerψ → 0)
.
To apply our lemma, let A1 = H
+
B (M), A2 = HB(M), A3 = H
−
B (M). Let BM (resp.
B+M ) (resp.B
−
M ) be the dimension of HB(M) (resp. H
+
B (M)) (resp. H
−
B (M)).
Let A′1 = F0(M), A
′
2 = HDR(M), A
′
3 = t(M), and let ρ = γM be the modified period
isomorphism from (HB)C to (HDR)C. Then d˜et(θ) = det(E(M)) On the other hand, the
sequence
0→ Ker(ψ)→ F0(M)C → H−B (M)C → Coker(ψ)→ 0
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is almost but not quite the dual of the sequence E(N), the only difference being that the
dual of H+B (N) is (H
j
B(X,Z(r − 1)))+ instead of (HjB(X,Z(r)))−. (Here we use Poincare´
duality on singular cohomology and Serre duality on de Rham cohomology). We compute
that γM = ±(2πi)(γN)−1, recalling tht Γ∗(r)Γ∗(1−r) = ±1 . This changes the determinant
by a factor of (2πi)B
+
N = (2πi)B
−
M , so using Lemma 5.2,1, we find that
5.2.1 det(E(M))/det(E(N)) = det(γM )(2πi)
−B−
M
.
To compute γM we need (still assuming X is smooth over Z, and M = H
j(X,Z(r)))
Conjecture 5.2.2. a) Recall that the weight of the cohomology motive Hj(X,Z(r)) is given
by j − 2r. Let M be a pure motive of weight w. Let BM be the dimension of the Betti (or
de Rham) realization of M . Then the determinant of the period map αM from HB(M) to
HDR(M) is equal to (2πi)
−w(M)BM/2. This obviously implies
b) Let Fr(M) be the (decreasing) Hodge filtration on HDR(M). Let hq = hq(M) be the
dimension of Fq(M)/Fq+1(M), so that BM = Σhq(M).
The determinant of the modified period map γM from HB(M)C to HDR(M)C is given
by (2πi)−(w(M)/2)BM
∏
q Γ
∗(−w + q)hq , where we take the integral structure on HB(M,C)
coming from HB(M,Z) and the integral structure on HDR(M,C) given by HDR(X) =
⊕Hq(X,Λp(ΩX/Z)) (Recall that if w is odd, BM is even, so (w(M)/2)BM is always an
integer).
We have shown that
(5.2.2) detE(M)/detE(N) = (2πi)−w(M)(BM )/2)−B
−
M /
∏
q′
(Γ∗(−w + q′)h(q′)
The conjectures in the next section imply that the torsion terms in the formulas for ζ(X, r)
and ζ(X, d−r) cancel, and we have also seen that det(C(M)) = det(C(N)) so our conjecture
becomes ζ(X, r)/ζ(X, d− r) =∏2d−2j=0 (det(E(Hj(X,Z(r))/detE(H2d−2−j(X,Z(d− r)).
On the other hand, according to Serre’s conjectured functional equation and since in our
case X is smooth over Spec Z, the constant A in the functional equation is equal to 1, and
we have
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(5.2.3) LjX, r)/ L2d−2−j(X, d− r) = Γ2d−2−j(X, d− r)/Γj(X, r)
.
Since X is over Z there is only one real place v to consider,and we will omit it in the
notation. Let j be even (the case when j is odd is similar).From Theorem 5.1.1 we see that
the right-hand side of 5.2.3 is equal to
(
∏
p
Γ∗(r − p)−h(p,q))πBj(r−j/2)+(Bj.r)−
Since M = Hj(X,Z(r)), BM = B
j, (Bj.r)− = B−M and w(M) = j − 2r.
Also, the numbers q′ are the numbers where the Hodge filtration jumps. Since the
Hodge filtration on Hj(X,Z(r)) shifts by r from the Hodge filtration on Hj(X,Z), we have
q′ = q − r, where q runs through the numbers with h(p, q) 6= 0, and h(p, q) = h(q′). The
product in the denominator of (5.2.2) gets converted to
∏
Γ∗(r− j+ q)h(p,q), but p = j− q.
Therefore we have proven that (modulo the indicated conjectures) that if X is smooth
over Z, Conjecture 4.1b is compatible with Serre’s functional equation, up to sign and powers
of 2.
5.3 Duality for torsion in motivic cohomology, Betti cohomology and de Rham cohomol-
ogy.
The (conjecturally) finite group HjW (X,Z(r))tor is dual to H
2d+2−j
W (X,Z(d− r))tor (up
to 2-torsion). (This is true by definition unless i = 2r+ 1, when we need Conjecture 1.1.3).
a)The finite group HjB(XC,Z(r))tor is dual to H
2d−1−j
B (XC,Z(d − 1 − r))tor. This
follows from Poincare´ duality. But Poincare´ duality respects complex conjugation, so
HjB(XC,Z(r))
+
tor is dual to H
2d−1−j
B (XC,Z(d − 1 − r))+tor, which is isomorphic to
H2d−1−jB (XC,Z(d− r))−tor. Therefore the ratio χ(H∗B(XC,Z(r))+tor)/χ(H∗B(XC,Z(d− r))+tor)
is equal to χ(H∗B(XC,Z)tor).
b) Recall that t(r) =
∐
q<r λ
qΩX/Z[−q]. Let u(r) =
∐
q≥r λ
qΩX/Z[−q] So we have
(Hj(X, t(r))C ⊕ Hj(X, u(r)))C = HjDR(XC/C). If X is smooth over Z, the finite group
Hj(X, t(r))tor is dual to the group H
2d−1−j(X, u(d− r))tor, by Serre duality , so
χ(H∗(X, t(r))tor)/χ(H
∗(X, t(d− r))tor) = χ(H∗DR(X,Z)tor)
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This leads us to:
Conjecture 5.3.1. : The Euler characteristic χ(H∗B(XC,Z)tor is equal to the Euler char-
acteristic χ(H∗DR(X/Z)tor if X is projective and smooth over Z.
Perhaps even we should expect:
Conjecture 5.3.2. Let X be projective and smooth over the ring of integers OF of the
number field F . Then χ(H∗B(XC,Z))tor = χ(HDR(X/OF )tor.
Is it possible that in fact the Betti torsion and the de Rham torsion are actually equal
for each Hj?
§6. Soule´’s Conjecture.
Soule´ conjectures [So] that if X is any irreducible scheme of finite type over Spec Z and
dimension d, and r is any integer, then the order ar of the zero of the zeta-function ζ(X, s)
at s = r is given by
∐
j=0(−1)j+1rk(K ′j(X))(d−r). If X is regular and quasi-projective over
Spec Z, K ′(X) = K(X), and we assume, up to torsion, that Ki(X)
(r) = H2s−iet (X,Z(r)).
So in this case, Soule´’s conjecture can be restated as ar =
∐
j=0(−1)j+1rkHjet(X,Z(d− r)).
We will explain how this fits in with the general Euler characteristic picture.
As is well-known, formulas giving the order of the zero of a zeta-function ζ(s) at s = r in
terms of the ranks of some finitely-generated groups ought to be accompanied by formulas
given the leading term of ζ(s) at s = r in terms of the orders of torsion subgroups of these
groups and determinants of pairings involving these groups. We will give a picture of how
this should work for Soule´’s conjecture.
We have conjectured that the cohomology groups of our complex H∗W (X,D(r)) satisfy
the conditions of Appendix A for defining a rank and Euler characteristic.
We first examine the rank. It is a straightforward calculation that the rank of
H∗W (X,D(r)) is given by
∐
j=0(−1)jrkHjet(X,Z(d− r)) +
∐
j=0(−1)jrkHj(X, t(X, r)).
In the geometric case t(x, r) does not exist, and the rank becomes the negative of Soule´’s
rank. But why do we have an extra Euler characteristic appearing in the arithmetic case?
In the geometric case, even though the order of the zero may be (conjecturally) computed
using only motivic cohomology, in order to compute the leading term we must combine the
motivic cohomology Euler characteristic with the Milne factor, which is a combination of
Euler characteristics of coherent cohomology of sheaves of exterior powers of differentials.
In this case, these cohomology groups are finite, and so do not contribute to the rank.
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In the arithmetic case, the answer seems to be that the ranks of the cohomology groups
of t(X, r) are not zero in general, and we have two different natural integral structures on
these cohomology groups. We first assume for simplicity that X is projective over Spec OF ,
with OF a principal ideal domain. then the coherent cohomology groups H
j(X, t(X, r))
are finitely generated OF -modules so free modulo torsion. One natural basis is obtained
by just taking a basis of (Hj(X, t(X, r))/torsion) as a Z-module. The other is obtained by
observing that Hj(X, t(X, r))⊗C is isomorphic to ∐σHj(X, t(X, r))⊗OF C, whre the sum
is over all embeddings σ of F into C, and the tensor product component corresponding to
σ uses σ to map OF to C. We then have to fix an OF -basis of (H
j(X, t(X, r))/torsion)
and take its image in Hj(X, t(X, r))⊗ C using in turn all the different σ’s. Changing to a
different basis over OF changes the determinant of the transformation by the norm of the
determinant of the OF -matrix, which must be ±1.
If OF is not a principal ideal domain, we can define the comparison determinant by
localizing and then patching together.
So we have to view the complex t(r) → t(r) (via the identity map, but with the two
different choices of bases for t(r)) also as an Euler characteristic complex. Its rank is the
usual alternating sum of the ranks of Hj(X, t(r)) , which is just the difference between the
rank of D(r) and Soule´’s formula for ar.
Now let’s look at the leading term. To get our original conjecture we need to take
Hj(X, t(X, r)) with its natural Z-basis. This corresponds to what is done in [Fo]. But to
make everything analogous to the geometric case, we should take instead the amalgamation
of the OF -bases, and then correct by the determinant of our t(r)-complex in the preceding
paragraph. This gives a formula (agreeing with Soule´) for the order of the zero in terms of
the ranks of Euler-characteristic complexes, and, as should be the case, a formula for the
leading term on terms of the Euler characteristics of these same complexes, analogous to
the correction by the Milne factor in the geometric case.
Appendix A. Euler characteristics
We begin with a description of generalized Euler characteristics.
Definition A.1. : Let F be a field, and let n be a positive integer. Let
∗ 0→ V0 → V1 → . . . Vn → 0
be an exact sequence of finite-dimensional vector spaces over F with bases B0, B1, . . .Bn.
We give an inductive definition of the determinant of (∗): If n = 1 we just take the standard
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linear algebra definition of the determinant. If n = 2, let T be the map from V0 to V1 and
let U be the map from V1 to V2. Let B
′
2 be any set of elements in V1 mapping bijectively to
B2 by U . Let B
′
1 be the basis (T (B0), B
′
2) of V1. Define the determinant of (∗) to be the
determinant of the identity map on V1 relative to the bases B
′
! and B1.
Having defined the determinant for exact sequences of length n, we define it for sequences
of length n+ 1 as follows. Let I be the image of Vn−2 in Vn−1 Then det (0 → V0 → · · · →
Vn → 0) = det (0 → V0 → · · · → Vn−2 → I → 0) (det (0 → I → Vn−1 → Vn → 0))(−1)n .
(We may choose any basis BI for I, as long as it is the same basis in both exact sequences,
since the product will be independent of BI .)
Note for later reference that if n = 2 and V0 = 0 then the determinant of (0 → V1 →
V2 → 0) is the inverse of the classical determinant.
Now let Hi be finitely generated abelian groups such that Hi = 0 for all but finitely
many i and for i < 0. Assume that we are given C-linear maps θi from Vi = H
i ⊗Z C to
Vi+1 = H
i+1 ⊗Z C such that (V∗, θ∗) form an acyclic complex.
Definition A.2. The Euler characteristic χ(H∗, θ∗) in C
∗/± 1 is given by the formula
∏
i
(|(Hi)tor)|(−1)
i
/det(V∗, θ∗)
.
Note that we take bases for Hi ⊗ C coming from the free finitely-generated groups
Hi/Hitor, and changing the basis of a free abelian group can only change the determinant
by a sign.
Definition A.3. The rank r(H∗, θ∗) is given by the ”derived Euler characteristic ” (Note
that the usual alternating sum of the ranks is zero).
∐
(−1)jj(rkHj).
Lemma A.4. Let 0 → A1 → A2 → A3 → 0 and 0 → B1 → B2 → B3 → 0 be exact
sequences of finitely generated abelian groups. Assume that the groups Bi are torsion-free.
Let φi be isomorphisms from (Ai)C to (Bi)C such that the diagram
0 −−−−→ (A1)C i1−−−−→ (A2)C i2−−−−→ (A3)C −−−−→ 0
φ1
y φ2
y φ3
y
0 −−−−→ (B1)C j1−−−−→ (B2)C j2−−−−→ (B3)C −−−−→ 0
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commutes. Let wi be the order of (Ai)tor. Let zi be the determinant of φi calculated with
respect to bases coming from Ai and Bi. Then w2/w1w3 = z2/z1z3, up to sign.
Appendix B. Derived Exterior Powers
Let A be an abelian category . Let SA denote the category of simplicial objects of A and
CA denote the category of homological chain complexes of objects of A ending in degree
zero. There are well-known functors N : SA → CA and K : CA → SA such that NK is
the identity and KN is naturally equivalent to the identity functor. N and K also preserve
homotopies. Let Λk denote k-th exterior power. Let X be a scheme and A be the category
of coherent locally free sheaves on X . If Q· is in SA with Qn a locally free sheaf on X for
all n. we define ΛkQ· to be Λ
k(Qn) in SA.
Proposition B.1.
Let X be a regular scheme projective over Spec Z. Write X as a closed subscheme of a
projective space P = (Pn)Z such that I is the sheaf of ideals defining X . Then the complex
of locally free sheaves CX,P = I/I
2 → ΩP/Z defines an element in the derived category of
locally free sheaves on X which is independent of the choice of embedding of X into P .
Proof. If we have two different embeddings of X in P1 and P2, take the Segre´ embedding
of P1 × P2 in P3, and compare successively the complexes defined by the embeddings into
P1 and P2 with the product embedding into P3. (For details, see [LS]).
Definition B.2. λkΩX/Z = NΛ
kKCX,P .
We see easily that this is independent of the choice of embedding.
Definition B.3. t(X, r) =
∐r−1
k=0 λ
kΩX/Z[−k].
We begin by recalling the following fact ([H], Exercise 5.16 (d)):
Lemma B.4. Let (X,OX) be a ringed space, and let 0 → F ′ → F → F ′′ → 0 be an exact
sequence of locally free sheaves of OX -modules. Then there exists a finite filtration of Λ
rF :
ΛrF = G0 ⊇ G1 ⊇ · · · ⊇ Gr ⊇ Gr+1 = 0
with quotients Gp/Gp+1 = ΛpF ′ ⊗ Λr−pF ′′.
Theorem B.5. Let A be a ring and M an A-module. a) λ0M is canonically homotopic to
the complex consisting only of A in degree 0.
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b) λ1M is canonically homotopic to the complex consisting only of M in degree 0.
c) If M has projective dimension r then λkM is represented by a complex of length kr.
Proof: a) and b) are obvious and c) follows immediately from a theorem of Dold and
Puppe ([DP]
Definition B.6. Let X be a regular noetherian scheme and let F be a coherent sheaf of
OX -modules, Since X is regular H
i(λk(F ) is zero for all but finitely many values of i, so
we may define the Euler characteristic χk(F ) to be
∑
(−1)i[Hi(λk(F )] in the Grothendieck
group G0(X) of coherent sheaves of OX-modules.
Theorem B.7. Assume that X is quasi=projective and regular, so that the Grothendieck
group K0(X) of coherent locally free sheaves on X is naturally isomorphic to G0(X), If
0→ F ′ → F → F ′′ → 0 is an exact sequence of coherent sheaves on X, we have the equality
in K0(X) : χ
n(F ) =
∑
p+q=n χ
p(F ′)χq(F ′′).
Proof, This follows easily from Lemma B.4.
Corollary B.8. If 0 → I → F → G → 0 is an exact sequence of coherent sheaves with I
invertible, then χ(λk+1F ) = χ(λk+1G)χ(I ⊗ λkG.
Corollary B.9. The class of λk(F ) in the Grothendieck group agrees with the usual defi-
nition of λk([F ]), using the λ-operations in K-theory.
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